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We call a partially ordered set A sharply transitive if its group of order automorphisms is 
sharply transitive on A, that is, if it is transitive on A and every non-trivial automorphism has 
no fixed points. We show that the direct product of any finite group with an infinite cyclic group 
is the automorphism group of a sharply transitive partially ordered set. We construct all sharply 
transitive partially ordered sets whose automorphism group is infinite cyclic. We construct 
continuously many sharply transitive partially ordered sets whose automorphism group is 
isomorphic to the additive group of the rational numbers. 
1. Introduction and preliminaries 
A partially ordered set A will be called sharply transitive if its (order) 
automorphism group is sharply transitive on A, that is, if it is transitive and every 
non-trivial automorphism has no fixed points. Sharply transitive totally ordered 
sets have been studied by Ohkuma [5, 6]. He showed that every such set is 
isomorphic to a subset of the real numbers, and that there are 22~° such sets 
altogether. It is not hard to see, however, that every countable such set has to be 
isomorphic to the integers. 
The purpose of this paper is to investigate the structure of some countable 
sharply transitive partially ordered sets and their automorphism groups. Birkhoff 
has shown (see, for example [1, 3]) that every group is the full automorphism 
group of a partially ordered set. However, it is clear that such a result can not be 
expected to hold for sharply transitive partially ordered sets. Indeed, it is easy to 
see that the only periodic groups which are the automorphism group of a sharply 
transitive partially ordered set are the trivial group and the group of order 2. 
If A is a partially ordered set then we say that A is connected if there do not 
exist subsets A1, A2 =/= ~1 with A = A1 O A2 such that 3.1 is incomparable with )-2 for 
all )-1 • A1, )-2 • A2. The maximal connected subsets of a partially ordered set A 
(which exist by Zorn's Lemma) are called the connected components of A. Note 
that A is the disjoint union of its connected components. 
If A is a partially ordered set and if )- • A, then the connected component of A 
containing )- is the set of all )-' • A with the property that there exists a natural 
number n and go, )-1, • • •, )-n • A such that )- = )-0, )-' = )-n and such that )-i-1 and 
)-i are comparable for i = 1, 2 , . . . ,  n. 
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Proposition 1.1. The automorphism group Aut(A) of a partially ordered set is 
transitive on A if and only if its connected components are isomorphic and the 
automorphism group Aut(Ao) of one of its connected components i transitive on 
Ao. In this case, if C is the set of connected components of A then Aut(A) ---- 
Aut(Ao) Wr Sym(C) (unrestricted wreath product). 
The proof of this is easy and shall be left to the reader. As a consequence we 
have 
Corollary 1.2. I f  A is a sharply transMve partially ordered set, then either A is 
connected or A consists of two incomparable lements. 
Proof. If A has more than two connected components, then (as those are 
isomorphic) there exists an automorphism interchanging two of those components 
and leaving all other elements (which is at least one) fixed, so A is not sharply 
transitive. Suppose that A has two connected components Ao and A1 and suppose 
that there is an automorphism o~ ~ 1 of Ao. Define the map o~' from A to A by 
setting Z. a~' = ~.. o~ for all Z ~ Ao and setting ~. a~' = ~. for all ~. ~ A~. The map or' 
is a non-trivial automorphism of A which fixes every element of A1, so A is not 
sharply transitive. Therefore Aut(Ao)= {1}, and Ao and A~ have only one 
element each. [] 
We need a few more definitions. If a, b are elements of a partially ordered set 
A and a < b we say that b is an upper neighbour of a (and a is a lower neighbour 
of b) if there does not exist c ~ A such that a < c < b. 
A chain C in A is a totally ordered subset of A and its is called maximal if there 
does not exist ~ e A\  C such that C U {).} is a chain. 
If C1, Ca are maximal chains in a partially ordered set A we say that C2 is a 
k-perturbation of C1 if Ica\cd and IC \cal are both finite and Ica\cll- IG\ 
Cal = k. It is a proper perturbation if Ca 4: C1. 
We finally define inductively what we mean by the type of a maximal chain. We 
say that a maximal chain C is of type 0 if there does not exist any proper 
k-perturbation for k I> 0. A maximal chain C is of type n if it does not contain two 
elements which are neighbours in a chain C~ of type smaller than n but where any 
proper k-perturbation Ca for k~>0 contains two elements ~,  )-2 which are 
neighbours and for which there exists a chain C~ of type smaller than n with 
~,  ;% ~ Ca. Clearly, in an arbitrary partially ordered set there need not exist 
chains of any type. Furthermore note that any automorphism of a partially 
ordered set preserves the type of a chain. 
2. Some sharply transitive partially ordered sets 
We have already noted that no finite group with more than two elements can 
be the automorphism group of a sharply transitive partially ordered set. 
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However, we only have to take a direct product with an infinite cyclic group to 
make this possible. 
Theorem A. I f  G is a finite group, then there exists a partially ordered set A such 
that Aut(A)/s  sharply transitive on A and Aut(A) = 7/x G, where Z is the infinite 
cyclic group. 
Proof. Let gl = I e G and let {g2,  • • • , gin} be a minimal set of generators of G. 
Let the order of gi be denoted by o(gi). We define ni for i e {1, 2 , . . . ,  m} 
recursively by n1=1 and n i+ l=n i 'o (g i )+ l  for i>1 .  Let A=7/xG.  We 
partially order A by (z, g )<(z ' ,  g') if and only if there exist i l , . . . ,  ik • 
{1, 2, . . . ,  m} such that g' =gik . . . . .  gil"g and z' =z  +n i ,+" .+n ik .  Note 
that the upper neighbours of (z, g) are just the elements (z +ni, gig) for 
i • { 1,  2 ,  . . . , m } as  {g2, • • • ,gm } is  a minimal set of generators. 
The group A=7/x  G acts as a group of automorphisms of A by 
( z ,g ) . (~ ,  ? )=(z  + ~,g),) for ( z ,g )eA ,  (~ , ) , ) cA ,  and as (0, 1). (~, ? )=(z ,g )  
if and only if ~ = z and Z = g the group A is sharply transitive on A. Thus all that 
remains to prove is that Aut(A) is sharply transitive, that is, that the stabilizer of 
(0, 1) in Aut(A) consists of the identity only. 
Now it is easy to see that in A = 7/x G with the order as given above the chains 
of type 0 are just the chains {(z, g) lz • 7/} for every g • G. Therefore every 
automorphism of A has to permute these chains. 
Let tp • Aut(A) such that (0, 1)tp = (0, 1). It then follows that (z, 1)tp = (z, 1) 
for every z • 7/. Now the upper neighbours of (0, 1) are just the elements (n, gi). 
Therefore tp has to permute the elements (ni, g~) with i :/: 1. Let C = {(z, 1) [ z • 
7/} and let ti be the greatest number such that there exists a ti-perturbation C~ of C 
which contains (n~, gi) and (0, 1) for i>  1. Note that -n i  > t~ >--ni+l. As C is 
elementwise invariant under tp, any ti-perturbation of C is mapped onto another 
ti-perturbation of C. Hence, setting (nr, gr)= (hi, g~)dp, the number t~ is the 
biggest number such that there is a ti-perturbation of C which contains (nr, gr) 
and (0, 1). Therefore -n r  > ti > - -h i ,+1 ,  so  n r = n~. Therefore i = i' and (ni, gi) is 
fixed by 9. Hence all elements (z, g~) are fixed under t~ for all z • Z. In the same 
way we can show that all elements of the form (z, g~gj) are fixed under ~ and so 
forth. Hence, as {g2, • • •, gin} is a set of generators of G, we get that all elements 
(z, g) are fixed under 9, and hence t~ is the identity. This finishes the proof of 
Theorem A. [] 
Having created so many examples of sharply transitive pariially ordered sets we 
feel it necessary to give now a simple example of a non-periodic group which 
nevertheless does not occur as the automorphism group of a sharply transitive 
partially ordered set. 
Proposition 2.1. There does not exist any partially ordered set A such that Aut(A) 
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is sharply transitive on A and Aut(A)/s isomorphic to the infinite dihedral group 
D®= (a, b l b2= 1, bab = a-~). 
Proof. First of all note that every element of D~ can be written either as a" or 
anb, where n • 7/, and also note that all elements of the form anb are involutions. 
Suppose there exists a partially ordered set A with Aut(A) =-- D® sharply transitive 
on A. Now choose 3. • A and let A1 = {~.a n I n • 7/} and A2 = {~.a"b [n • 7/}. Then 
A~NA2=0 and Al t . JA2=A as D~ is sharply transitive on A. Now let 
~'1 ---- ~'ar • A1 and Z 2 = 2a'b • A 2 and suppose /~'1 </~'2" Then from ~,a r < 3.a'b = 
).ba -s it follows that A=(~,ar)a-r<(~,ba-S)a-r=~,ba-(r+s)=).ar+sb which is 
impossible as ar+~b is an involution. Similarly it is not possible that )-a>)-2. 
Hence A is not connected which gives a contradiction to Corollary 1.2. [] 
3. Sets with infinite cyclic automorphi,cm group 
In this section we shall construct all sharply transitive partially ordered sets 
whose automorphism group is infinite cyclic. We shall call a set of positive 
integers additively irredundant if none of these integers can be expressed as a sum 
of non-negative multiples of the other elements of the set. 
We note that any additively irredundant set S of positive integers must be 
finite. For, let d denote the greatest common divisor of the elements of S, and let 
S l<S2<' ' '<Sk  be elements of S such that d = g.c.d.(Sl, s2 , . . . ,  Sk). We now 
show that if n is a multiple of d and if n I> ks 2, then n is a sum of non-negative 
multiples of Sx , . . . ,  Sk. AS d divides n, one can write n = mxsl +' ' "  + mkSk, 
where each mi is an integer. Let rhi be the integer such that rhi -- mi (mod Sk) and 
such that 0 ~< rhi < Sk for 1 ~< i ~< k. Note that n - rh~sl . . . . .  ~ lk_ lSk_  1 is 
divisible by Sk, and is positive as n >1 ks 2. Hence n is a sum of non-negative 
multiples of S l , . . . ,  Sk. Now it follows that [S[ ~< ks 2 (for generalizations of this 
see, for example, [2] and [4]). 
If {a l , . . . ,  a,,} is an additively irredundant set of positive integers which 
generates the additive group of integers then we denote by Z(a l , . . . ,  an) the set 
of integers partially ordered by x ~<y if and only if there exist non-negative 
integers m~ such that y = x + Ein----_l miai. 
Theorem B. A partially ordered set A is sharply transitive with Aut(A) infinite 
cyclic if and only i rA  is isomorphic to Z(al ,  . • •, an)for an additively irredundant 
set {al, • • •, a,, } of  positive integers which generates the additive group of  integers. 
Furthermore Z(a l , . . . ,  an) is isomorphic to Z(b l , . . . ,  bin) if and only if 
{a l , . . . , an}={b l , . . . ,bm}.  
Proof. We first want to show that Z(a l , . . . ,  an) is sharply transitive with its 
automorphism group infinite cyclic. For this, note that x~-->x + 1 is an auto- 
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morphism of Z(a l , . . . ,  an) which generates the infinite cyclic group such that 
this is transitive on Z(a l , . . .  ,an). Therefore it suffices to prove that 
Aut (Z(a l , . . . ,  a,,)) is sharply transitive. 
We assume w.l.o.g, that al < a2 < ' - "  < an. We next claim that the chains of 
type k in Z(a l , . . . ,  an) are just the sets {r + tak+l [ t E ~'} for 0 <~ r < ak+ 1 and 
0 ~< k < n. First note that any chain in which more than one ai occurs as a 
difference between two neighbours has a proper 0-perturbation (by substituting 
one element of the chain by another one where the differences to the upper and 
lower neighbour are interchanged). Also every chain in which the difference 
between every pair of neighbours is ai for i > 1 has a proper m-perturbation for 
some m > 0 (in which a suitable number of elements is substituted by elements 
where neighbours have a difference a0. Therefore all chains of type 0 in 
Z(a l , . . . ,  an) are the sets {r + ta~ I t e Z} for 0 <~ r < a~. Now suppose we have 
shown the claim for all k' with k' < k < n. Now first of all no chain in which some 
neighbours have difference ai with i ~< k can be of type k. Also, as above, no 
chain in which more than one ai occurs as a difference between two neighbours is 
of type k, Furthermore, every chain in which the difference between every pair of 
neighbours is ai for i > k + 1 has a proper m-perturbation for some m > 0, 
substituting a suitable number of elements by elements where neighbours differ 
by ak÷~, hence such a chain is not of type k. So we are left with the chains 
{r + tak+~ [ t ~ Z} for 0 ~< r < ak+~, and clearly every proper m-perturbation of 
such a chain for m >I 0 must have two neighbours having a difference ai for some 
i ~ k (and hence lie in a chain of type smaller than k), so these chains-are of type 
k. This establishes the claim. 
Now suppose that 4 is an automorphism of Z(a~, . . . ,  an) that fixes 0. As 
{tak+~lt e Z} for 0~<k <n is the unique chain of type k containing 0 every 
element of any of these chains has to be fixed by 4. Applying the same argument 
successively to the other fixed points proves that every element of Z(a~,. . . ,  a,,) 
is fixed under 4, as the elements a l , . . . ,  a~ generate the whole additive group of 
integers. So we have proved that Aut (Z(a~, . . . ,  a,)) is sharply transitive. 
Now let A be any sharply transitive partially ordered set with automorphism 
group being infinite cyclic. We choose an element 0 e A and we set Aut(A) = 
(a~). Clearly there must exist k >0 such that 0or k is comparable with 0, and 
w.l.o.g, we can assume that 0 < Oak. Now suppose there exists k '>  0 such that 
Oak' < 0. Suppose that k, k' > 0 are minimal with respect o the relations Oa k' < 0 
and 0 < Oak respectively. If k' < k we get 0 < 0re -k' and hence 0 < Oak < 
(0a~-k')ak =0ak -k' contradicting the minimality of k. If k < k' we get a similar 
contradiction to the minimality of k'. Thus we have shown that 0 <0tr  implies 
r > 0 .  More" generally, it follows that 0 < 0a~ r < 0a ~ implies 0 < r < s. From this it 
follows first that all maximal chains in A must be order isomorphic to the 
integers. Now let U = {r e N l0tr r is upper neighbour of 0}. Then dearly U is 
additively irreduanant, and hence is finite, so U = {r~, . . . ,  rm}. Furthermore U 
must generate the additive group of integers, as otherwise A would not be 
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connected. Now it is easy to see that the mapping 0a: ~ r is an isomorphism 
between A and Z(r~, . . . ,  rm). 
Finally suppose that Z(aa, . . . ,  an) and Z(b l , . . . ,  hr,) are isomorphic via the 
isomorphism 9. We can w.l.o.g, assume that 0 f  = 0. Note that ~p ~ ~-t~p~ gives 
an automorphism between Aut (Z(a l , . . . ,  an)) and Aut(Z(bl ,  . . . ,  b,n)). Now if 
a :eAut (Z(a~, . . . ,  a,,)) with xol=x + 1 for all x, then ~-~a:~ must be a 
generator of Aut (Z(b l , . . . ,  bin)). Hence we must have either y~- la :~ =y + 1 
for all y or y~-~a~ =y-  1 for all y, which implies either x~ = x for all x or 
x~ = -x  for all x. But dearly only the first of these two cases can happen, and 
then ~ is order-preserving only if {a~, . . . ,  an} -- {bl, . . . ,  b,,,}. [] 
4. Sets with automorphism group isomorphic to the rationals 
In the preceding section we have seen that the sharply transitive partially 
ordered sets with infinite cyclic automorphism group are in one-to-one correspon- 
dence with additively irredundant sets of positive integers, which are finite sets, 
and hence there are only countable many of them. 
We shall now show that in contrast there are continuously many sharply 
transitive partially ordered sets whose automorphism group is isomorphic to the 
additive group of the rational numbers. 
Let S = (si), i e ~1, be a sequence of rational numbers with 1 = So < S l  < 82 <"  " " 
such that the additive group generated by the elements of S is Q, and such that 
for each i e N the element si is not contained in the additive semigroup generated 
by the elements of S without s~. We define a partial order ~<s on As : -Q  by 
ql ~<s q2 if and only if q2 - ql is in the additive semigroup generated by S. Note 
that the maximal chains in As are isomorphic to the integers. Also note that if 
T = (t~), i e N, is a sequence with t~ e {0, 1}, then we can construct a sequence 
Sr = (s~), i e N, with the properties as above by So = 1 and sn = n + 1 + (-1)tn-l l /  
(n + 1)! for n I> 1, and if T' is a 0-1-sequence different from T, then Sr ~Sr-.  
Hence there are 2 ~0 sequences of rational numbers with the properties as above. 
Lemma 4.1. The automorphism group Aut(As) of As is sharply transitive on As 
and Aut(As) ~ (~. 
l~mof. The group Q acts on As sharply transitive as a group of automorphisms by 
(~., q) ~ ~ + q for 2 ~ As, q ~ Q. Therefore all we have to show is that Aut(As) is 
sharply transitive on As. 
For this, we note that the maximal chains of type k in As are exactly the chains 
of the form (q + tsk I t ~ Z} for q ~ Q. This follows in the same way as the similar 
result in the proof of Theorem B. Now let ~ ~ Aut(As) such that ~ fixes 0. As 
{tSk I t ~ 7} is the unique chain of type k containing 0, it follows that ~ has to fix 
each of the points tSk with t ~ Z. Noting that the additive group generated by the 
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elements of S is the whole of Q it follows by successive application of this 
argument hat ~ fixes every point of Q, hence ~ is the identity. Therefore 
Aut(As) is sharply transitive on As. [] 
Lemma 4.2. I f  As is isomorphic to As,, then S = S'. 
Proof. Let 0 be an isomorphism 0 :As~As  ,. We can w.l.o.g, assume that 
00 = 0. As So = 1 = s~ it follows that the unique chain of type 0 containing 0 is Z 
both in As and in As,. Hence we have zO = z for all z e Z. Now let n > 0. As 
{tsn I t e Z} and {ts" [ t e Z} are the unique chains of type n containing 0 in As and 
As, respectively it follows that (tsn)0 = ts', for all t e 7/. Now let t > 0 be minimal 
such that ts, e 7/(such an element clearly exists). But then ts, = (ts,)0 = ts', and 
F S P" hence s~ = sn. Therefore we have S = [] 
Finally, Lemmas 4.1 and 4.2 together give the proof of 
Theorem C. There are 2~o non-isomorphic partially ordered sets A such that 
Aut(A) is sharply transitive on A and Aut(A) is isomorphic to the additive group 
of rational numbers. 
Acknowledgment 
I thank the referee for his interesting comments on the first version of this 
paper. 
References 
[1] G. Birkhoff, Sobre los grupos de automorfismos, Revista Uni6n Mat. Argentina 11 (1946) 
155-157. 
[2] A. Brauer and J. Shockley, On a problem of Frobenius, J. Reine Angew. Math. 211 (1963) 
215-220. 
[3] R. Frucht, On the construction ofpartially ordered systems with a given group of automorphisms, 
Amer. J. Math. 72 (1950) 195-199. 
[4] A. Nijenhuis and H.S. Wilf, Representations of integers by linear forms in non-negative integers, 
J. Number Theory 4 (1972) 98-106. 
[5] T. Ohkuma, Sur quelques ensembles ordonn6s lin6airement, Proc. Japan Acad. 30 (1954) 
805-808. 
[6] T. Ohkuma, Sur quelques ensembles ordonn~s lin~airement, Fund. Math. 43 (1956) 326--337. 
